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a b s t r a c t
We prove that the Diophantine equation x2−kxy+y2+ lx = 0, l ∈ {1, 2, 4} has an infinite
number of positive integer solutions x and y if and only if (k, l) = (3, 1), (3, 2), (4, 2),
(3, 4), (4, 4), (6, 4). Furthermore, we prove that the Diophantine equation x2− kxy+ y2+
x = 0 has infinitely many integer solutions x and y if and only if k ≠ 0,±1, which answers
a problem in Marlewski and Marzycki (2004) [1].
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In [1], Marlewski and Zarzycki proved that the Diophantine equation
x2 − kxy+ y2 + x = 0 (1)
has an infinite number of positive integer solutions x and y if and only if k = 3. Some computer experiments suggest that
for many k there are infinitely many integer solutions, so they hoped that it is possible to characterize integer solutions of
the equation x2 − kxy+ y2 + x = 0 in the general case.
The main purpose of the present paper is to determine when the following two equations
x2 − kxy+ y2 + 2x = 0 (2)
and
x2 − kxy+ y2 + 4x = 0 (3)
have an infinite number of positive integer solutions x and y. Further, we will determine when Eq. (1) has infinitely many
integer solutions. The main results are as follows.
Theorem 1.1. (i) Eq. (2) has an infinite number of positive integer solutions x and y if and only if k = 3, 4.
(ii) Eq. (3) has an infinite number of positive integer solutions x and y if and only if k = 3, 4, 6.
Theorem 1.2. Eq. (1) has infinitely many integer solutions (x, y) if and only if k ≠ 0,±1.
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Remark. Note that for any integer k, lwith |k| ≥ 2 and l ≠ 0, the Diophantine equation
x2 − kxy+ y2 + lx = 0 (4)
has infinitely many integer solutions (x, y) = (lx1, ly1), where x21 − kx1y1 + y21 + x1 = 0. By Theorem 1.2, Eq. (4) has
infinitely many integer solutions (x, y) if |k| ≥ 2. It is an interesting problem to determine when Eq. (4) in the general case
has infinitely many positive integer solutions x and y. Theorem 1.1 answers this question for l = 2, 4.
2. Lemmas
In this section, we will present the lemmas that will be needed in the proof of the main theorems.
Lemma 2.1 ([1, Theorem 1]). If positive integers x, y, k satisfy Eq. (1), then there exist positive integers c, e such that x = c2, y =
ce, and gcd(c, e) = 1.
Lemma 2.2. If positive integers x, y, k satisfy Eq. (2), then there exist positive integers c, e such that x = c2, y = ce, and
gcd(c, e) = 1, or x = 2c2, y = 2ce, and gcd(c, e) = 1.
Proof. It follows from (2) that if p is a prime number, then
p|x H⇒ p|y and 2|x ⇐⇒ 2|y.
We divide the proof into two cases.
Case 1: 2|xy. Then 2|x and 2|y. Let x = 2x1, y = 2y1. Substituting these values of x and y to Eq. (2), we get
x21 − kx1y1 + y21 + x1 = 0. It follows from Lemma 2.1 that x1 = c2, y1 = ce, and gcd(c, e) = 1. Hence x = 2c2, y = 2ce, and
gcd(c, e) = 1.
Case 2: 2 - xy. Let x = pµx1, y = pνy1 with p - x1y1. Substituting these values of x and y to Eq. (2), we obtain
p2µx21 − pµ+νkx1y1 + p2νy21 + 2pµx1 = 0, which implies that µ = 2ν since p is an odd prime. It means that x = c2, y = ce,
and gcd(c, e) = 1.
Lemma 2.3. If positive integers x, y, k satisfy Eq. (3), then there exist positive integers c, e such that x = c2, y = ce, and
gcd(c, e) = 1, or x = 2c2, y = 2ce, and gcd(c, e) = 1, or x = 4c2, y1 = 4ce, and gcd(c, e) = 1.
Proof. It follows from (3) that if p is a prime number, then
p|x H⇒ p|y and 2|x ⇐⇒ 2|y.
We divide the proof into two cases.
Case 1: 2|xy. Then 2|x and 2|y. Let x = 2x1, y = 2y1. Substituting these values of x and y to Eq. (3), we get
x21 − kx1y1 + y21 + 2x1 = 0. It follows from Lemma 2.2 that x1 = c2, y1 = ce, and gcd(c, e) = 1, or x1 = 2c2, y1 = 2ce, and
gcd(c, e) = 1. Hence x = 2c2, y = 2ce, and gcd(c, e) = 1, or x = 4c2, y1 = 4ce, and gcd(c, e) = 1.
Case 2: 2 - xy. Let x = pµx1, y = pνy1 with p - x1y1. Substituting these values of x and y to Eq. (3), we obtain
p2µx21 − pµ+νkx1y1 + p2νy21 + 4pµx1 = 0, which implies that µ = 2ν since p is an odd prime. It means that x = c2, y = ce,
and gcd(c, e) = 1. This completes the proof of Lemma 2.3. 
Lemma 2.4 ([2,3]). Let D ≠ 2 be a given positive non-square integer with 8 ̸ |D. (i) If 2|D, then there is one and only one of the
following Diophantine equations
kx2 − ly2 = 1, (5)
which has integer solutions, where (k, l) ranges over all pairs (k, l) such that k > 1, kl = D.
(ii) If 2 - D, then there is one and only one of the following Diophantine equations
kx2 − ly2 = 1, kx2 − ly2 = 2 (6)
which has integer solutions, where (k, l) of the former equation ranges over all pairs (k, l) such that k > 1, kl = D, and (k, l) of
the latter equation ranges over all pairs (k, l) such that k > 0, kl = D.
(iii) If 2 - D and the Diophantine equation x2 − Dy2 = 4 has solutions in odd integers x and y, then there is one and only one
of the following Diophantine equations
kx2 − ly2 = 4 (7)
which has integer solutions, where (k, l) ranges over all pairs (k, l) such that k > 1, kl = D.
Lemma 2.5. Let k > 1, l be odd positive integers such that kx2− ly2 = 4, 2 - xy has positive integer solutions, then kx2− ly2 = 1
has positive integer solutions.
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Proof. Let x, y be odd integers such that kx2 − ly2 = 4. Since
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Lemma 2.5 follows immediately. 
3. Proofs of theorems
Proof of Theorem 1.1(i). We divide the proof into two cases.
Case 1: 2|xy. Then x = 2c2, y = 2ce, and gcd(c, e) = 1. Substituting these values of x and y to Eq. (2), we obtain
c2 − kce+ e2 + 1 = 0. It follows that
(2c − ke)2 − (k2 − 4)e2 = −4. (8)
(i) 2|k. Let k = 2k1, then from (8), we obtain
(c − k1e)2 − (k21 − 1)e2 = −1.
It follows that 4 - k21−1 since (c−k1e)2+1 = (k21−1)e2. Note that (k1+1)− (k1−1) = 2 and (k21−1)e2− (c−k1e)2 = 1,
which contradicts Lemma 2.4(ii).
(ii) 2|e and 2 - k. Let e = 2e1, then from (8), we obtain
(c − ke1)2 − (k2 − 4)e21 = −1.
Since (k+ 2)− (k− 2) = 4 and (k2− 4)e21− (c − ke1)2 = 1, we derive that k+ 2 = (k2− 4) and k− 2 = 1 by Lemmas 2.5
and 2.4(ii), that is k = 3. It is easy to see that the equation x2 − 3xy + y2 + 2x = 0 has infinitely many positive integer
solutions x and y.
(iii) 2 - ke. Since (k+2)− (k−2) = 4 and (k2−4)e2− (2c− ke)2 = 4, we derive that k+2 = (k2−4) and k−2 = 1 by
Lemma 2.4(iii), that is k = 3. It is easy to see that the equation x2 − 3xy+ y2 + 2x = 0 has infinitely many positive integer
solutions x and y.
Case 2: 2 - xy. Then, by the proof of Lemma 2.2, we have that x = c2, y = ce, and gcd(c, e) = 1. Substituting these values
of x and y to Eq. (2), we obtain c2 − kce+ e2 + 2 = 0. It follows that
(2c − ke)2 − (k2 − 4)e2 = −8. (9)
(i) 2|k. Let k = 2k1, then from (9), we obtain
(c − k1e)2 − (k21 − 1)e2 = −2.
It follows that 2 - k21 − 1. Since (k1 + 1) − (k1 − 1) = 2 and (k21 − 1)e2 − (c − k1e)2 = 2, by Lemma 2.4(ii), we derive
that k1 − 1 = 1 or k1 = 2 and k = 4. In this case, the equation (c − 2e)2 − 3e2 = −2 has infinitely many positive integer
solutions c and e. It follows that Eq. (2) has infinitely many positive integer solutions x and ywhen k = 4.
(ii) 2|e and 2 - k. Let e = 2e1, then from (9), we obtain
(c − ke1)2 − (k2 − 4)e21 = −2.
We derive a contradiction by Lemmas 2.5 and 2.4(ii) since (k+ 2)− (k− 2) = 4 and (k2 − 4)e21 − (c − ke1)2 = 2.
(iii) 2 - ke. We derive that 1+ 3 ≡ 0 (mod 8) by taking modulo 8 for Eq. (9), which is a contradiction.
In conclusion, Eq. (2) has infinitely many positive integer solutions x and y if and only if k = 3, 4. This completes the
proof of Theorem 1.1(i). 
Proof of Theorem 1.1(ii). We divide the proof into three cases.
Case 1: 2|xy and x = 2c2, y = 2ce, and gcd(c, e) = 1. Substituting these values of x and y to Eq. (1), we obtain
c2 − kce + e2 + 2 = 0. By the proof of Theorem 1.1(i) Case 2, in this case, the equation (c − 2e)2 − 3e2 = −2 has
infinitely many positive integer solutions c and e. It follows that Eq. (3) has infinitely many positive integer solutions x and
ywhen k = 4.
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Case: 2 2|xy and x = 4c2, y = 4ce, and gcd(c, e) = 1. Substituting these values of x and y to Eq. (3), we obtain
c2 − kce + e2 + 1 = 0. By the proof of Theorem 1.1(i) Case 1, in this case, the equation (2c − 3e)2 − 5e2 = −4 has
infinitely many positive integer solutions c and e. It follows that Eq. (3) has infinitely many positive integer solutions x and
ywhen k = 3.
Case: 3 2 - xy. Then, by the proof of Lemma 2.2, we have that x = c2, y = ce, and gcd(c, e) = 1. Substituting these values
of x and y to Eq. (3), we obtain c2 − kce+ e2 + 4 = 0. It follows that
(2c − ke)2 − (k2 − 4)e2 = −16. (10)
(i) 2|k. Let k = 2k1, then from (10), we obtain
(c − k1e)2 − (k21 − 1)e2 = −4.
First we consider the case 2 - k1. Note that 8 ̸ | k
2
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4 e
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
c−k1e
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2 = 1. Since k1+12 − k1−12 = 1 and k21−14 e2
−

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2
2 = 1, by Lemma 2.4(i), we derive that k1−12 = 1, that is k1 = 3 and k = 6. In this case, the equation  c−3e2 2−2e2
= −1 has infinitely many positive integer solutions c and e. It follows that Eq. (3) has infinitely many positive integer
solutions x and ywhen k = 6.
Nowwe consider the case 2|k1, then 2 - k21− 1. Since (k1+ 1)− (k1− 1) = 2 and (k21− 1)e2− (c− k1e)2 = 4, we derive
a contradiction by Lemmas 2.5 and 2.4(ii).
(ii) 2|e and 2 - k. Let e = 2e1, then from (10), we obtain
(c − ke1)2 − (k2 − 4)e21 = −4.
Since (k+ 2)− (k− 2) = 4 and (k2 − 4)e21 − (c − ke1)2 = 4, by Lemma 2.4(iii), we obtain that k− 2 = 1 or k = 3. In this
case, the equation (c − 2e)2 − 5e2 = −4 has infinitely many positive integer solutions c and e. It follows that Eq. (3) has
infinitely many positive integer solutions x and ywhen k = 3.
(iii) 2 - ke. We derive that 1+ 3 ≡ 0 (mod 8) by taking modulo 8 for Eq. (10), which is a contradiction.
In conclusion, Eq. (3) has infinitely many positive integer solutions x and y if and only if k = 3, 4, 6. This completes the
proof of Theorem 1.1(ii). 
Proof of Theorem 1.2. From Lemma 2.1, we know that if integers x, y, k satisfy Eq. (1), then there exist positive integers
c, e such that x = ±c2, y = ±ce, and gcd(c, e) = 1. Let x = −c2, y = ce with gcd(c, e) = 1. Substituting these values of x
and y to Eq. (1), we get c2 − kce+ e2 − 1 = 0. It follows that
(2c − ke)2 − (k2 − 4)e2 = 4. (11)
First we consider the case 2|k and k ≠ 0,±2. Then k = 2k1 with |k1| ≥ 2 and Eq. (11) becomes
(c − k1e)2 − (k21 − 1)e2 = 1. (12)
It is well-known that all positive integer solutions of Eq. (12) can be expressed as
|c − k1e| + e

k21 − 1 =

|k1| +

k21 − 1
r
, r ∈ N.
If k = ±2, then Eq. (11) has infinitely many solutions (c, e)with 2c − ke = ±2. Consequently, if 2|k and k ≠ 0, then Eq. (1)
has infinitely many integer solutions (x, y).
Now we consider the case 2 - k and k ≠ ±1. It is well-known that all positive integer solutions of Eq. (11) can be
expressed as
|2c − ke| + e√k2 − 4
2
=

|k| + √k2 − 4
2
r
, r ∈ N.
Consequently, if 2 - k and k ≠ ±1, then Eq. (1) has infinitely many integer solutions (x, y).
Finally, we consider the case that k = 0 or k = ±1. If k = 0, then Eq. (1) becomes
x2 + y2 + x = 0,
which has only two integer solutions (x, y) = (0, 0) and (−1, 0). If k = ±1, then Eq. (1) becomes
x2 ± xy+ y2 + x = 0,
which has only four integer solutions (x, y) = (0, 0), (−1, 0), (−1,−1), (−1, 1).
Therefore, we conclude that Eq. (1) has infinitely many integer solutions (x, y) if and only if |k| ≥ 2. Theorem 1.2 is
proved. 
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